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The problem of separating classical from quantum correlations is in general intractable and has
been solved explicitly only in few cases. In particular, known methods cannot provide general
solutions for an arbitrary number of settings. We provide the complete characterization of the
classical correlations and the corresponding maximal quantum violations for the case of n ≥ 4
observables X0, . . . ,Xn−1, where each consecutive pair {Xi,Xi+1}, sum modulo n, is jointly mea-
surable. This generalizes both the Clauser-Horne-Shimony-Holt and the Klyachko-Can-Biniciog˘lu-
Shumovsky scenarios, which are the simplest ones for, respectively, locality and noncontextuality.
In addition, we provide explicit quantum states and settings with maximal quantum violation and
minimal quantum dimension.
PACS numbers: 03.65.Ta,03.65.Ud
I. INTRODUCTION
Quantum correlations among the results of jointly
measurable observables go beyond the limits of clas-
sical correlations and provide a whole new set
of resources for physics [1], computation [2], and
communication [3, 4]. Yet, surprisingly, necessary
and sufficient conditions for classicality – all the
Bell/noncontextuality inequalities – are known only for
a few scenarios, the most famous being the Clauser-
Horne-Shimony-Holt (CHSH) scenario [5], completely
characterized in [6], and the Klyachko-Can-Biniciog˘lu-
Shumovsky (KCBS) scenario [7, 8]. In both cases, quan-
tum correlations go beyond the classical ones [8, 9].
Unlike the CHSH scenario, the KCBS scenario can-
not be associated with correlations among the results
of measurements on different subsystems, but rather to
the results of measurements on a single system [10–13].
In this case, the existence of quantum correlations out-
side the classical set shows the impossibility of non-
contextual hidden variable (NCHV) theories [14–17].
Quantum contextuality is a natural generalization of
quantum nonlocality that neither privileges spacelike-
separated observables (among other jointly measur-
able observables), nor composite systems (among other
physical systems), nor entangled states (among other
quantum states), and provides advantage versus classi-
cal (noncontextual) resources even in scenarios with no
spacelike separation [18–20].
∗ These authors contributed equally to this work.
Both the CHSH and KCBS scenarios can be under-
stood as particular cases of a much larger family: The
scenario of n dichotomic observables Xi such that the
pairs {Xi,Xi+1}, modulo n, are jointly measurable. If
we represent observables as nodes of a graph and link
them with edges when they are jointly measurable, the
resulting graph is the n-cycle (see Fig. 1). Besides the
CHSH and KCBS scenarios, i.e., n = 4, 5, also other
cases have been completely characterized: the cases
n = 2 [21, 22] and n = 3 [14, 23, 24], and a partial
characterization have been given in [24, 25] (for odd n)
and in [26–28] (in terms of entropic inequalities, nec-
essary but not sufficient conditions, for any n) and the
case n = 6 has been discussed in [13] in relation with
the test of the KCBS inequality.
The main difficulty in the characterization of cor-
relations resides in the fact that the existing general
approaches for obtaining classical [23] and quantum
[29, 30] bounds involve the use of algorithms that must
be applied to specific cases and that require an amount
of resources for computation rapidly growing with the
number of settings. In fact, the only known case in
which a complete characterization of classical bounds
and the corresponding quantum violation has been
given for any number n of settings is the bipartite Bell
scenario in which Alice can choose between two di-
chotomic observables and Bob among n [31, 32].
In this paper we provide the complete set of non-
contextuality inequalities, i.e., necessary and sufficient
conditions for noncontextuality, and the correspond-
ing quantum violations for the n-cycle. Moreover,
we exhibit quantum states and measurements which
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Figure 1. Graphs associated to the compatibility relations
among the observables Xi for n = 3, 4, 5, 6. C4 corresponds
to CHSH case with the labelling of nodes A1, B1, A2, B2, in
the usual notation for Alice and Bob observables, and C5 cor-
responds to KCBS case with the labelling X0, . . . ,X4.
maximally violate the noncontextuality inequalities for
each n with minimum dimension of the corresponding
Hilbert space.
II. PRELIMINARY NOTIONS
The simplest way to introduce the notion of noncon-
textuality is by analogy with the well-known notion of
locality (e.g., [27, 33, 34]). Here we shall follow [27].
The difference between the two resides in the definition
of joint measurability: One no longer considers only
joint measurements of spacelike-separated observables,
but also admits the joint measurement of a collection
of mutually compatible observables – a context. Con-
sequently, the assumption of context-independence for
outcomes replace the assumption of locality, i.e., inde-
pendence between spacelike-separated measurements.
We recall that an operational definition of compatibility
can be given independently of quantum formalism, i.e.,
without referring to commutativity [35, 36].
More precisely, given a set of observables
{X0, . . . ,Xn−1}, a context c is a set of indices such
that Xi is compatible with Xj whenever i, j ∈ c. Notice
that all subsets of c, including one-element sets, must
be admissible contexts. A contextuality scenario is
therefore given by a set of observables {Xi} together
with the set of admissible contexts C = {ck}, or simply
the maximal ones. For each context one shall, then,
measure joint statistics for its observables, and the
set of all these statistics for some given contextuality
scenario is known simply as correlations.
Analogously with the study of locality, we shall con-
sider here three kinds of correlations: no-disturbance,
quantum, and noncontextual. The no-disturbance con-
dition here is a simple generalization of the well-known
no-signalling condition, that applies not only to ob-
servables that act on separate subsystems, but to any
set of observables that are in a context [37]. As the
set of no-signalling correlations, the set of correlations
that respect no-disturbance is also a polytope, the no-
disturbance polytope.
If our correlations respect no-disturbance and come
from dichotomic observables (as will always be the case
in this paper), then they can be always represented as
a vector v = (vc|c ∈ C), where vc is the expectation
value of the product of the observables in context c [38].
Deterministic noncontextual classical models assign a
definite outcome x = (x0, . . . , xn−1) ∈ {−1, 1}n to the
observables X0, . . . ,Xn−1, and the assignments for the
correlations within each context are thus given by vc =
∏i∈c xi, in a context-independent way.
As a consequence, the set of correlations consistent
with a noncontextual model is given by the convex hull
of the deterministic assignments for the correlation vec-
tor v – the noncontextual polytope. Tight noncontex-
tuality inequalities are therefore affine bounds defined
as the facets of the noncontextuality polytope, namely
(p− 1)-dimensional faces of a p-dimensional polytope.
In this sense, tight inequalities are the minimal set of
necessary and sufficient conditions for classicality of
correlations.
The n-cycle contextuality scenario is given by n ob-
servables X0, . . . ,Xn−1 and the set of maximal contexts
Cn = {{X0,X1}, . . . , {Xn−2,Xn−1}, {Xn−1,X0}}. (1)
It can be depicted as a graph where nodes represent ob-
servables and edges represent joint measurability (see
Fig. 1). All correlations are then given by the 2n-
dimensional vector
(〈X0〉, . . . , 〈Xn−1〉, 〈X0X1〉, . . . , 〈Xn−1X0〉). (2)
The no-disturbance polytope for this scenario is easy
to characterize. Since representing the correlations via
expectation values already implies no-disturbance and
normalization of the probabilities, the only condition
left to enforce is their positivity. This condition, written
in terms of elements of the vector (2), gives us
4p(+ + |XiXi+1) = 1+ 〈Xi〉+ 〈Xi+1〉+ 〈XiXi+1〉 ≥ 0 (3a)
4p(+− |XiXi+1) = 1+ 〈Xi〉 − 〈Xi+1〉 − 〈XiXi+1〉 ≥ 0 (3b)
4p(−+ |XiXi+1) = 1− 〈Xi〉+ 〈Xi+1〉 − 〈XiXi+1〉 ≥ 0 (3c)
4p(−− |XiXi+1) = 1− 〈Xi〉 − 〈Xi+1〉+ 〈XiXi+1〉 ≥ 0, (3d)
which are the facets of the no-disturbance polytope.
III. MAIN RESULT
In the remainder of the paper, we shall always take
n ≥ 3. For the 2-cycle the only facets of the noncon-
textual polytope are the four positivity conditions (3),
i.e., the noncontextual polytope coincides with the no-
disturbance polytope.
Theorem 1. All 2n−1 tight noncontextuality inequalities for
the n-cycle noncontextual polytope are
Ω =
n−1
∑
i=0
γi〈XiXi+1〉
NCHV≤ n− 2, (4)
3where γi ∈ {−1, 1} such that the number of γi = −1 is odd.
Proof. We apply the method based on the results of
[38] and presented in [39], namely that the existence
of a classical model for a set of observables is equiv-
alent to the existence of classical models for partic-
ular subsets coinciding on their intersection. In our
proof, we use that the existence of a classical probability
model for the observables {X0, . . . ,Xn−1} is equivalent
to the existence of classical models for {X0, . . . ,Xn−2}
and {X0,Xn−1,Xn−2}, coinciding on their intersection
{X0,Xn−2} (see Fig. 2). Such a consistency condi-
tion for the intersection is written in terms of the “un-
measurable correlation” 〈X0Xn−2〉, i.e., a correlation be-
tween observables that are not in a context and there-
fore cannot be jointly measured, but have nevertheless
a well-defined correlation in every classical model [40].
The final set of inequalities must not contain the vari-
able 〈X0Xn−2〉, which must be removed by applying
Fourier-Motzkin (FM) elimination [41], i.e., by summing
inequalities where it appears with the minus sign, with
those where it appears with the plus sign. This step
of the proof is a simple application of the techniques
from [39]. For the convenience of the reader, details are
presented in Appendix A.
We can now proceed by induction on n. The case
n = 3 is known. For the inductive step, following
the above argument, we calculate the n-cycle inequal-
ities by combining the (n− 1)-cycle inequalities for the
subset {X0, . . . ,Xn−2} with the 3-cycle inequalities for
{X0,Xn−1,Xn−2}. We apply FM elimination on the
variable 〈X0Xn−2〉 from the whole set of inequalities.
All inequalities in (4) are obtained by combining one
inequality for the (n− 1)-cycle with one for the 3-cycle,
and are in the right number. Combining two inequal-
ities for the (n − 1)-cycle, or two for the 3-cycle gives
a redundant inequality, as happens for combination of
positivity conditions (3) with inequalities of the form
(4), the latter being obtainable as a sum of n− 1 (or 3)
positivity conditions. There are no other inequalities.
The proof of their tightness is presented in Appendix
B.
The reader familiar with Fine’s proof for the 4-cycle
[6], obtained by combining two 3-cycles, may have no-
ticed that the above is a straightforward generalization.
We can also characterize the vertices of the no-
disturbance polytope.
Theorem 2. The vertices of the no-disturbance polytope are
the 2n noncontextual deterministic correlation vectors
(〈X0〉, . . . , 〈Xn−1〉, 〈X0〉〈X1〉, . . . , 〈Xn−1〉〈X0〉), (5)
where 〈Xi〉 = ±1, together with the 2n−1 contextual corre-
lation vectors of the form
(0, . . . , 0, 〈X0X1〉, . . . , 〈Xn−1X0〉), (6)
Figure 2. (a) n-cycle scenario. (b) Subsets of observ-
ables that can be associated with the (n − 1)-cycle and 3-
cycle scenario by considering the “unmeasurable correlation”
〈X0Xn−2〉 (dashed line).
where 〈XiXi+1〉 = ±1 such that number of negative compo-
nents is odd.
Proof. By definition, the vertices of the polytope are
given by the intersection of 2n independent hyper-
planes, i.e., as a unique solution for a set of 2n inde-
pendent linear equations chosen among the 4n equa-
tions saturating (3). The above vertices are obtained by
choosing two equations among (3a)-(3d), for each in-
dex i. In particular, contextual vertices are obtained by
choosing equations (3a) and (3d) for an odd number of
indexes i and equations (3b) and (3c) for the remain-
ing indexes. It is straightforward to check that all other
possible strategies for obtaining a vertex, i.e., involving
the choice of one, two or three equations for each index
i, give the same set of vertices.
To summarize our results: The no-disturbance poly-
tope, defined by the 4n positivity conditions (3), has
2n + 2n−1 vertices, of which 2n are noncontextual and
2n−1 are contextual. The noncontextuality polytope, de-
fined by the 2n noncontextual vertices (5), has 4n+ 2n−1
facets (it is trivial to check that inequalities (3) are tight
for the noncontextuality polytope). Also note that for
each vertex in (6) there exists an inequality in (4) such
that 〈XiXi+1〉 = γi, i.e., contextual vertices and non-
contextuality inequalities are in a one-to-one correspon-
dence.
IV. QUANTUM VIOLATIONS
Here we address the problems of whether quantum
mechanics violates the inequalities (4), which is the
maximum quantum violation – the Tsirelson bound –
, and how to achieve it.
Theorem 3. Quantum mechanics violates the noncontextu-
ality inequalities (4) for any n ≥ 4. The Tsirelson bound is
ΩQM =

3n cos( pin )−n
1+cos( pin )
for odd n,
n cos
(
pi
n
)
for even n.
(7)
4Proof. Without loss of generality, we can restrict our dis-
cussion to the inequalities in which, for odd n, γi = −1
for all i and, for even n, γi = −1 for all i except
γn−1 = 1. Using that
± 〈XiXi+1〉 = 2
[
p(+± |Xi,Xi+1)
+ p(−∓ |Xi,Xi+1)
]
− 1, (8)
we can rewrite Ω as 2Σ− n, where Σ is a sum of prob-
abilities.
Any sum of probabilities is upperbounded in quan-
tum mechanics by the Lovász ϑ-function, ϑ(G), of
the graph G in which nodes are the arguments of
the probabilities and edges link exclusive events (e.g.,
(+ + |X0,X1) and (−− |X1,X2)) [25].
If n is odd, the graph G associated to Σ is the prism
graph of order n, Yn (see Fig. 3). Its ϑ-function is
ϑ(Yn) =
2n cos
(
pi
n
)
1+ cos
(
pi
n
) , (9)
therefore, if n is odd, the Tsirelson bound ΩQM is
upperbounded by 2ϑ(Yn) − n. The following quan-
tum state and observables saturates this bound [24]:
|ψ〉 = (1, 0, 0) and Xj = 2
∣∣vj〉〈vj∣∣ − 1, where ∣∣vj〉 =
(cos θ, sin θ cos[jpi(n− 1)/n], sin θ sin[jpi(n− 1)/n])
and cos2 θ = cos(pi/n)/(1+ cos(pi/n)).
For even n, the proof can be obtained simply by
noting that our inequalities are closely related to
the Braunstein-Caves inequalities [42], whose Tsirelson
bound was found in [43]. A small modification of
the proof in [43] then suffices. The following quan-
tum state and observables saturates this bound: |ψ〉 =
(0, 1/
√
2,−1/√2, 0) and Xj = X˜j ⊗ 1 for even j and
Xj = 1 ⊗ X˜j for odd j, where X˜j = cos(jpi/n)σx +
sin(jpi/n)σz and σx, σz are Pauli matrices.
The calculations for ϑ(Yn) and the proof for even n
are presented in Appendix C.
It is also interesting to examine the even case with the
same technique we used for the odd case. If n is even,
the graph G associated to Σ is the Möbius ladder of
order 2n, M2n (see Fig. 3). We conjecture its ϑ-function
to be
ϑ(M2n) =
n
2
(
1+ cos
pi
n
)
, (10)
for which we present evidence in Appendix D.
It can also be proved that these choices of state and
observables saturating the quantum bounds are opti-
mal, in the sense that such bounds cannot be reached
in a Hilbert space of lower dimension. In fact, for odd n
there is nothing left to prove, since according to our def-
inition of contextuality there is no contextual behaviour
in a 2-dimensional Hilbert space. For even n it can be
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Figure 3. Graphs associated to the sum of probabilities Σ in
the tight noncontextuality inequalities for n = 3, 4, 5, 6.
proved (see Appendix E) that in a 3-dimensional Hilbert
space
ΩnQM3D = Ω
n−1
QM + 1 . (11)
This fact can be used as a dimension witness [44].
V. OBSERVATIONS
The quantum bounds for odd n were found first
in [24, 25], and for even n in [43] in relation with
Braunstein-Caves inequalities [42]. However, we do
think it is enlightening to show how graph theory pro-
vides a simple and unified approach to the problem.
Another observation is that while Braunstein-Caves
inequalities are not tight Bell inequalities [32, 45], our
inequalities (4) are tight noncontextuality inequalities.
This is possible because the locality and contextuality
scenarios are different: In the case of Bell inequalities,
we demand every Xi with even i to be measurable to-
gether with every Xj with odd j, and so the graph that
represent these relations is the complete bipartite graph
Kn/2,n/2, which is not isomorphic to the n-cycle (except
for n = 4, the CHSH case).
VI. CONCLUSIONS
The n-cycle contextuality scenario is the natural gen-
eralization of CHSH [5, 6] and KCBS [8] scenarios, the
most fundamental scenarios for locality and noncontex-
tuality, and has recently attracted increasing attention
[24–28]. We have provided the complete characteriza-
tion of the associated set of classical correlations for an
arbitrary number n of settings, the only other example
of this kind being the Bell bipartite scenario with two
observables for Alice and n for Bob [31, 32]. We have
explicitly obtained the maximum quantum violation of
all these inequalities with the minimal quantum dimen-
sion. We also completely characterized the associated
no-disturbance correlations by finding the vertices of
the corresponding polytope.
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Appendix A: Detailed proof of Theorem 1
Here we present the details missing in the proof
of Theorem 1, namely the proof that the existence
of a classical probability model for the observables
{X0, . . . ,Xn−1} is equivalent to the existence of classical
models for {X0, . . . ,Xn−2} and {X0,Xn−1,Xn−2}, coin-
ciding on their intersection {X0,Xn−2}.
The first step is to extend the definition of graph rep-
resentation given in Fig.1 and 2 (graphs in Fig.3 have
a different interpretation). We said that nodes repre-
sent dichotomic observables and edges represent com-
patibility relations, which means that if two nodes are
connected by an edge the corresponding pair of observ-
ables admit a classical probability model. Such a defi-
nition can be generalized as follows
(i) a node represents a subset of observables,
(ii) if two nodes are connected by an edge, then the
corresponding subset of observables, i.e. the union
of the two subsets, admits a classical probability
model.
Such classical models are, in general, extension to
broader subsets of the classical probability models as-
sociated to subsets of commuting observables by QM
(i.e. spectral theorem). We can now recall the following
result [38]:
Lemma 1. A set of probability assignments associated with
a tree graph always admits a classical probability model.
Our strategy for the proof is then depicted in Fig.4:
If the two subsets of observables in Fig.4 (b) (n − 1)-
cycle and 3-cycle, admit a classical representation, i.e.
all the corresponding inequalities are satisfied, then the
set of probabilities can be extended, following (i), (ii),
as in Fig.4 (c), i.e. two classical model for {0, 1, . . . , n−
3, n − 2} and for {0, n − 1, n − 2} coinciding on their
intersection {0, n− 2}. By Lemma 1, such a set already
admits a classical representation.
By the above procedure, we obtain a set of conditions
that includes the “unmeasurable correlation” 〈X0Xn−2〉
Figure 4. (a) n-cycle scenario. (b) subsets of observ-
ables that can be associated with the (n − 1)-cycle and 3-
cycle scenario by considering the “unmeasurable correlation”
〈X0Xn−2〉 (dashed line). (c) Extended classical model that can
be obtained if the two subset admits a classical representation
coinciding on their intersection. Such a model is automati-
cally classical as it can be depicted as a tree graph.
which plays a fundamental role since it constrains the
two models on their intersection, but it is not actually
measurable in the n-cycle scenario (see Fig.4 (a)). Such a
variable must be therefore eliminated from the final set
of conditions by means of Fourier-Motzkin (FM) elimi-
nation [39]. We recall that FM elimination of a variable
from a system of linear inequalities consists in summing
each pair of inequalities where such a variable appears,
respectively, with +1 and −1 coefficient (after a proper
normalization of the inequalities) and keeping the in-
equalities where it does not appear [41]. As a result,
the final system of inequalities admits a solution if and
only if the initial system of inequalities does.
To summarize: if a set of probability assignment for
the n-cycle scenario satisfies the set of inequalities ob-
tained as FM elimination of the variable 〈X0Xn−2〉 from
the set of inequalities for (n− 1)-cycle (for {0, . . . , n−
2}) and the 3-cycle (for {0, n − 2, n − 1}), then both
subsets of observables admits a classical representation
with consistent assignments for 〈X0Xn−2〉, i.e. such rep-
resentations coincide on their intersection, as depict in
Fig.4 (c). By Lemma 1 these conditions are already suffi-
cient for the existence of a classical model for the whole
set of observables {0, 1, . . . , n− 2, n− 1}.
Appendix B: Proof of tightness of the inequalities
Tightness can be proved by showing that inequali-
ties (4) correspond to facets of the 2n-dimensional cor-
relation polytope, i.e., they are saturated by 2n non-
contextual vertices which generate an affine subspace
of dimension 2n − 1. First, focus on the inequality of
the odd n-cycle for which all γi = −1. It is satu-
rated by 2n vertices which can be written as (±vi,wi),
for i = 0, . . . , n − 1, where wi is a n-dimensional vec-
tor given by a cyclic permutation of the components of
w0 = (+1,−1,−1, . . . ,−1) and vi is the vector with ith
component equal to +1 that satisfies relation (5). Then
6it holds that vi + vi+1 = 2ei+1, where {e0, . . . , en−1} is
the canonical basis of Rn, and wi + (1, 1, . . . , 1) = 2ei.
As a consequence, {(±vi,wi)}i=1,...,2n is a basis for R2n,
showing independence. Since all the other vertices and
inequalities are obtained from this one via the mapping
Xi 7→ −Xi, this proves the odd n case. The proof for
even n is analogous.
Appendix C: Detailed proof of theorem 3
An orthonormal representation (OR) for a graph
G = (V, E) is a set of unit vectors {vi} associated with
vertices V = {i} such that two vectors are orthogonal
if the corresponding vertices are adjacent, i.e. (i, j) ∈ E.
Lovász ϑ function is defined as the maximum, over all
OR, of the norm of the operator given by sum of the uni-
dimensional projectors associated with vectors [46, 47].
Notice that different vertices can be mapped onto the
same vector, but then the corresponding projector ap-
pears in the sum once for each vertex associated with
it.
For the prism graph Yn, in general, it holds
ϑ(Yn) ≤ 2ϑ(Cn) = 2n cos(
pi
n )
1+cos( pin )
since a graph consisting in
two copies of Cn, let us denote it as G, can be obtained
from Yn by removing the edges connecting vertices of
the outer cycle with those of the inner cycle.
Consider an OR for Cn, say v0, . . . , vn−1, which gives
the maximum value for the norm of the correspond-
ing sum of projectors, i.e ϑ(Cn). Clearly, the 2n vec-
tors vi, v′i, with v
′
i = vi, for i = 0, . . . , n − 1, form
a OR for G, giving ϑ(G) = 2ϑ(Cn). To show that
ϑ(Yn) = ϑ(G) = 2ϑ(Cn), it is sufficient to notice that
the above vectors are also an OR for Yn. Such an OR
is obtained by associating vi with the ith vertex of the
outer cycle and the vector v′i+1 with the ith vertex of the
inner cycle. This completes the discussion for the case
of odd n.
For the case of even n, the proof is based on posi-
tive semidefiniteness conditions analogous to those dis-
cussed in [29, 30, 43]. Via them we can show that Eq. 10
is an upper bound to the Tsirelson bound, and the proof
is completed by noting that we already provided quan-
tum observables and states saturating it.
Let us consider a quantum state ρ and n dichotomic
observables X0, . . . ,Xn−1 with even n. Then the com-
plex matrix Γij = tr(ρXiXj) must be positive semidefi-
nite. In fact, given a complex vector v, we have
v†Γv =∑
ij
v∗i Γijvj = tr(ρ ∑
ij
v∗i vjXiXj)
= tr(ρ ∑
i
v∗i Xi∑
j
vjXj) = tr(ρO†O) ≥ 0,
(C1)
with O ≡ ∑i viXi. An upper bound for the quantum
violation of the expression
n−1
∑
i=0
γi〈XiXi+1〉, (C2)
with γn−1 = −1 and all other coefficients +1, can be
therefore obtained as the semidefinite program (SDP)
maximize:
1
2
tr(β Γ),
subject to: Γ  0, Γii = 1,
(C3)
where β is a symmetric real matrix such that
1
2 tr(β Γ) = ∑
n−1
i=0 γiΓi,i+1. The optimality of the solu-
tion n cos(pin ) for the above SDP, up to a reordering of
the coordinates, has been proved by Wehner [43]. To-
gether with the explicit state and observables presented
in the main text, this concludes our proof.
Appendix D: Evidence for the conjectured Lovász ϑ
function for Möbius ladder graphs
In Eq. 10 we conjectured an expression for ϑ(M2n).
The evidence we have for it is both numerical and math-
ematical: We calculated explicitly the value for ϑ(M2n)
for even n up to n = 64, i.e. ϑ(M128) and it coincides
with the expression given in Eq. 10 with very high pre-
cision. Moreover, since M2n is a regular graph (each
vertex has the same number of neighbours) ϑ(M2n) can
be upperbounded by the expression [46]
ϑ(M2n) ≤ −nλ2n
λ1 − λ2n , (D1)
where λ1 ≥ λ2 ≥ . . . ≥ λ2n are the eigenvalues for
the adjacency matrix A for M2n. Since A is a circulant
matrix they can be explicitly computed [48], and with
them we obtain
ϑ(M2n) ≤
n(2 cos(pin ) + 1)
2+ cos(pin )
. (D2)
Comparing (D2) with our conjecture for ϑ(M2n) in the
asymptotic limit n→ ∞, we obtain
n(2 cos(pin ) + 1)
2+ cos(pin )
− n
2
(
1+ cos
pi
n
)
≈ pi
2
12n
. (D3)
Appendix E: Quantum bounds for even n in dimension 3
Consider the inequalities
Ω =
n−1
∑
i=0
γi〈XiXi+1〉
NCHV≤ n− 2, (E1)
7where γi ∈ {−1, 1} such that the number of γi = −1 is
odd, and n is even. By the symmetry of the problem,
namely the fact that each inequality is obtained via the
substitution Xi → −Xi for some indices i, the quantum
bound for (E1) must be the same for all possible choices
of γ.
Let us start with n general 3-dimensional observables
Xi and a vector γ giving the lhs of Eq. (E1). Since we are
in 3 dimensions, for each i, either Xi or −Xi, is given by
a 1-dimensional projector Pi, as ±Xi = 2Pi− 1. The sub-
stitution Xi → −Xi simply amounts to a new definition
of the vector γ. We have therefore a new expression
(E1) where all the Xi’s are given by 1-dimensional pro-
jectors. For such observables it holds
[Xi,Xi+1] = 0⇐⇒ PiPi+1 = 0 or Pi = Pi+1. (E2)
Let us assume, for the moment, that the condition
PiPi+1 = 0 holds for all i = 0, . . . , n− 1, we shall discuss
the other cases later. We want to calculate the maximum
of the lhs of (E1) over all γ, namely
max
γ,Pi ,ρ
n−1
∑
i=0
γi〈(2Pi − 1)(2Pi+1 − 1)〉, (E3)
which can be rewritten as
max
γ,Pi ,ρ
n−1
∑
i=0
γi[1− 2〈Pi + Pi+1〉] =
= max
γ,Pi ,ρ
1
2
n−1
∑
i=0
[−(γi + γi−1)] (4〈Pi〉 − 1).
(E4)
Since the number of γi = −1 must be odd, and n is
even, at least two terms (γi + γi−1) and (γi+1 + γi)
must be zero. Without loss of generality, we can assume
it holds for i = n− 2. We have therefore
max
γ,Pi ,ρ
1
2
n−1
∑
i=0
[−(γi + γi−1)] (4〈Pi〉 − 1) ≤ max
Pi ,ρ
4
n−3
∑
i=0
〈Pi〉
−(n− 2) = 2(n− 2)− (n− 2) = n− 2,
(E5)
where we used that the maximum of ∑n−3i=0 〈Pi〉 is
bounded by n−22 . In fact, 〈Pi + Pi+1〉 ≤ 1, since their
sum is still a projector.
We must now consider the other possibilities given
by (E2). If for a given index, say i = 0, Pi = Pi+1, we
simply have that X0 = X1, therefore Eq. (E1) reduces to
n−1
∑
i=0
γi〈XiXi+1〉 = γ0 +
n−1
∑
i=1
γi〈XiXi+1〉 ≤ Ωn−1QM + 1,
(E6)
since 〈X0Xn−1〉 = 〈X1Xn−1〉.
If for two indices, i, j, Pi = Pi+1 and Pj = Pj+1, the
problem is reduced to the case n− 2, and so on for all
the other cases.
We have therefore proved that the optimal bound for
n-cycle inequalities in 3 dimension is given by
ΩnQM3D = Ω
n−1
QM + 1 , for even n. (E7)
Remember that ΩnQM3D ≥ n − 2 since Ωn−1QM ≥ n − 3
and that the bound in (E6) can always be achieved with
1-dimensional projectors.
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